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Abstract. Let i? be a one-dimensional local Noetherian domain, which is 
supposed analytically irreducible and residually rational, and let / be a proper 
ideal of R. Our purpose is to study the two numbers 

a{I) ■.= lii{r/R)-h.{R/I) 

bil) := rlniR/I) - Ir{I*/R) 
already considered in the literature under various points of view. The basic idea 
is the expression of these invariants in terms of the type sequence. 



1 Introduction. 



Let (i?, m) be a one-dimensional local Noetherian domain with residue field k 
and quotient field K, which is analytically irreducible and residually rational. 
We denote by: 

R the normalization oi R, R ~ k[[t\]; 

Lo a canonical module of R such that i? C w C i?; 

7 := R . R the conductor ideal of R in R; 

c := IbIR/j), so that ^ = t'^R; 

S := Ib{R/R) the singularity degree of R; 

n := c-6 = Ir{R/^); 

r := lji{R:m/R) the Cohen — Alacaulay type of i?; 

/* := R -K I the dual of the fractional ideal /; 

Ojj '■= LO* the Dedekind di f f event of R. 
Given any proper nonzero ideal / of R, we use the notion of type sequence (see 
I2.2|l in order to get informations about the two numerical differences: 

ail) ■.= Ir{I*/R)~Ir{RII) 

b{I) ■.^rlR{R/I)-lR{r/R). 
Having in mind the Gorenstein case with the following well-known equivalent 
characterizations (see ^0]; Theorem 13.1): 
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R is Gorenstein <==^ lo = R r = 1 2(5 — c = 

<^=> a(/) = /or every nonzero proper ideal I 

we get similar characterizations for almost Gorenstein rings (see Theorem imj) : 

R is almost Gorenstein <==^ muj = m <;=^ r — I = 26 — c 
a{I) — r — 1 — lii(I** /I) for every nojizero proper ideal I. 

In the general case a direct calculation gives immediately that 

a(/) <26~c 

for every nonzero ideal /. The close relation with the type sequence of R 

25 - c = ELi (n. - 1) 

induces us to search which elements of this sequence contribute in our invariants. 
This is discussed in Section (4). First, in Theorem 13. 101 we obtain the formulas: 

(A) a{I)= J2 irk-1)- iRiryi) -dil) 

he{l,...,n}\V' 

[B] h{I) = ^ (r - ru) + rln{I**/I) + d{I) 

where 1/^ C IV is a subset in biunivocal correspondence with the valuations of 
the ideal /** and d{I) is a non- negative invariant fsee closely related to 
the type sequence [ri, ?-„] of R and to the valuations of /**. 
Successively lower and upper bounds and vanishing conditions for the invariants 
a{I) and b{I) are derived directly from these expressions. For instance 

{A,) ail) <{r- l)h.{R/iI** + Od)) - h.{r*/I) 

which improves the inequality a(/) < (r — l)lfj{R/I) obtained by Jager in |1(J|. 
KoroUar 3, (2) and 

(A2) ail) > (r-1)- iRiryi) -dil) 

which gives a sufficient condition for the positivity of a(/). 

We recall that in [3], Anm.5, R. Berger conjectured that always a(/) > 0, but 

there are counterexamples, we cite the following, exhibited by Jager in |10| : 

if i?= fc[[i9,il5,t",t23^^25^^29^^31]] ^nd I = {t'''' ,t^\t^"), then a{I) = -l. 

From the preceding (A2) it turns out that a(/) > r — 1 > for every integrally 
closed ideal /, because this condition implies that / = /** and also that dil) = 
0. The same holds for every ideal / such that uj C I : I. 
If R is almost Gorenstein, then a(J) = 2(5 — c > for every reflexive ideal /. 

Formula (B), by giving &(/) as a sum of non negative terms, provides the 
fact that always 

bil) > r Ir{I**/I) > 
and also the following vanishing condition: 

iVC) bil) = <^ /**=/, dil) ^Q, r,^r for aU i ^ 

Since by definition 

aiI) + biI) = ir-l)h.iR/I) 



it is clear that inequalities (^i) and (^2) may be read respectively as a lower 
and an upper bound for We explicit these for the convenience of the reader. 

[Bi] b{i) >(r- i)iR{r*+ 0d/ I) + iB.{r*/i) 

{B2) b{I) < (r - mR{R/I) - 1) + Ir{I**II) + d{I) 

In the literature more attention has been reserved to the particular case I — 
Notice that 

0(7) — 2S — c and 6(7) — r{c — 6) — S 
As concerns the number 6(7), in |14| . Theorem 3.7, the lower bound 

and in Proposition 2.1, the upper bound 

bh) < {r - l)MRh) - 1] 

are established. Hence results Bi and B2 may be viewed as an extension of 
these bounds to any ideal /. 

There are few cases in which 6(7) < r (see I4.7f) . A general structure theorem 
for rings satisfying the equality 6(7) = or 6(7) = 1 is presented in 4 : these 
rings are called rings of maximal or almost maximal length, respectively. Note 
that for / = 7 the above condition (VC) becomes: 

6(7) ~ <==^ Ti — r for each i = 1, n. 

Indeed, the rings of maximal length are exactly those having constant type 
sequence. 

In a series of recent papers (see 0, [7], [Sj) the authors attack the problem of 
classifying rings according to the value of the quantity 6(7). In the last section 
we show how type sequences are an useful instrument from this point of view, 
by obtaining a complete classification of all possible rings having 5(7) < r. 

2 Preliminaries and notations. 

Throughout this paper (i?, m) denotes a one-dimensional local Noetherian do- 
main with residue field k. For simplicity, we assume that k is an infinite field. 
Let R be the integral closure of R in its quotient field K\ we suppose that R 
is a finite i?-module and a DVR with a uniformizing parameter i, which means 
that R is analytically irreducible. We also suppose R to be residually rational, 
i.e., k ~ R/tR. We denote the usual valuation associated to R by 

v: K — >ZUoo, w(t) = 1. 

In particular v{R) := {v{a), a G i?, a 7^ 0} C IN is the numerical semigroup 
of R. Under our hypotheses, for any fractional ideals / 2 J (0) the length of 
the i?-module I/J can be computed by means of valuations (see ^21) Prop. 1): 

lR{I/J)=#iviI)\viJ)). 

Given two fractional ideals /, J we define I : J — {x E K \ xJ Q I}. 



2.1 

In our hypotheses R has a canonical module to, unique up to isomorphism. 
Once for all we assume that 

RClu CR 

We shall use the following properties (see (5]): 

(1) uj : Lu = R and u : {lo : I) — I for every fractional ideal /. 

(2) lii{I/J) = Ir{uj : J/uj : I) for every fractional ideals I D J. 

(3) R is Gorenstein if and only if uj — R if and only if 9d — R- 
Otherwise "fR'^Oo Cm. 

(4) v{u) = e Z I c-l-j ^ hence c-1 ^ v{ijj) and c+IN C v{ijj). 

(5) (see Lemma 2.3). For every fractional ideal /, 

s £ v{Iuj) if and only if c — \ — s (f. v{R : I). 

2.2 

The notion of type sequence has been introduced by Matsuoka in 1971 and 
recently revisited in P; we recall its definition. Let n := Ir[R/^) and let 

So = < Sl < . . . < S„ = C < Sn+l = c + 1 < ... 

be the elements of v{R). For each « > 1, define the ideal 

Ri := {ae R \ v{a) > Si}. 

The chain R = Ra D Ri = m D R2 D ■ ■ ■ D Rn ^ 1r ^ Rn+i 3 ... 
induces the chain of duals 

R d R '. R\ c C i? : Rn = R d R ■ Rn+i — t ^R d ... 

For every i > 1, we put 

n iRiR : R^/R ■■ R^-l) = Ir{ojR,^^/luR,) 

and we call type sequence of R the sequence [ri, . . . , r„]. 

We need in the sequel the following facts (see P): 

(1) r :~ ri is the Cohen- Macaulay type of R. 

(2) 1 < r,; < ri for every i > 1 . 

(3) 5 = El and 25 - c = ^.^(co/i?) = - 1). 
It follows immediately that r — 1 < 25 — c. 

(4) If e w(6'd), then r^+i = 1 (see ;14 , Prop.3.4). 

(5) ri — \ for every i > n. 



2.3 



A ring R is called almost Gorenstein if it satisfies the equivalent conditions 

(1) m = tna;. 

(2) r - 1 = 2(5 - c. 

By the above propertv l2.2l f3). it is clear that R is almost Gorenstein if and only 
if the type sequence is [r, 1, . . . , 1] and that Gorenstein means almost Gorenstein 
with r — I. 

A ring R is called of maximal length if it satisfies the equivalent conditions 

(1) r{c-S)^d. 

(2) the type sequence is constant [r, r, . . . , r]. 
2.4 

For any proper ideal / of i?, we denote by / := IR n R the integral closure of 
/. Easily we can see that 



In fact, /**= R:{R: I) Coj : {R: I) =ujI and IniujI** /ujI) = ^^(7* //***) = 0. 
Hence /** C / and e(/**) = e(/). We note also that the condition a; C / : /, 
i.e. ojI — I, implies that / = /**. 



For any fractional ideal / we denote by 7/ the biggest i?-ideal contained in I 
and by c/ the multiplicity of 7/. Namely: 

-.^ t'^'R C I With ci-l(^v{I), R : ji ^ t^-'^'R, : 7/) = Z>c_c^ ■ 

Assume now that ICR and let nj := l]^{R/^j) = cj — S > n. Then 
(1) 7/ C 7 and the inclusion ^ Q I implies that 77 = 7. 



I CI** CujI ^ ojF 



2.5 



(2) e: 



.711 



= Ir{R : jj/R) 



ci — c + S and 




R C 



R 

|n 

i?:7/ 



/* C 



and the above item we get 



Z7j(/7i?) = ^r,-;,i(i?:7,/r) 



3 Invariants a(I) and b(I). 

For any proper ideal / of _R, we define the two invariants 
a{I) lR{r/R) - hiR/I) 



b{I) rlR{R/I) - h.{I*/R), 

in particular: 0(7) ~ 25 — c, 5(7) — r{c ~ S) — S, a(m) = ?- — 1. ^(tn) ~ 0. 

The aim of the section is to express these invariants in terms of the type 
sequence of R. The particular description given in Theorem 13.101 allows us to 
get bounds and vanishing conditions, improving results of several authors. 

First we collect some remarks concerning a(/) and b{I). 
Remark 3.1 Let / be a proper ideal of R. Then: 

(1) a{I) + b{I) = {r-l)lR{R/I). 

(2) a{I)^a{j)-lRiujI/I)<aij). 

This easy computation yields immediately that: 

(a) a{I) — for every ideal / <;=^ R is Gorenstein 

(b) a(m) = 0(7) R is almost Gorenstein 

(c) / canonical, i.e. I ^ uj, a{I) — 0(7) — lii{R/6]j). 

For a discussion about the invariant cr :— a{'y) — Ir{R/9d) see 
|14j . 3.5, where we found examples with cr < 0. 

(3) 6(7) >0. 

This fact follows by applying with M = N = R the Jager's inequality: 

Ir{M : I/M : N) < Ir{M : m/M)lR{N/I) 

which holds for every fractional ideals M, iV, /, such that I C N (see 
Uni, Satz 2). 

(4) If J C /, we have: 

(a) a{J)-a{I) = lR{J*/I*)-lRiI/J). 

(b) b{J) ~ b{I) = rlR{I/J) - lR{J*/r) > 0. 

Assertion (a) is easy to check and (b) follows directly from (a) by means 
of (1). The positivity of b{J) — b{I) is again a consequence of the Jager's 
result. We note in particular that: 

(c) a{I)^a{I**)-lR{I**/I). 

(d) b{I) — for every ideal / containing 7 if and only if R is a ring of 
maximal length. 

(5) By definition n, = Ir{R : R,/R). Then: 

(a) a(-Ri) = X]/i=i('''i ~ 1)' in particular a{Ri)^26 — c for every i > n. 

(b) = - ^h), in particular 

for i > n, i.e. Ri = f+PR, p>0, we get b(R,) = 6(7) +p{r - 1). 



(6) If R is Arf, i.e. Ib{R : Ri/R) — Si ~ i for every 1 < i < n (see [5], 
Proposition 1.15), then 

a{I) < {r~l)lBiR/I)^{ioSi-sJ 

where Si^ is the multiphcity of /. 

In fact, the hypothesis i? Arf implies that a{Ri) = Si—2i, h{Ri) = isi—Si. 
Applying the second formula of (4) to the ideals / C Ri^ = / we obtain 
b{I) > iosi — Sio, hence the thesis by (1). 

We introduce now another notation. 

Notation 3.2 We associate to any proper ideal I the numerical set de- 
pending on the valuations of I** 

-.^{h+l \ h€TN and Sh G v{I**)}. 
The riS of the type sequence, with i e , will be useful in our computations. 

Remark 3.3 Let, as usual, nj — cj — d. Then: 

WLr = and WL = iRil** + ill)- 

The basic idea for the next theorem comes from 2.1.(5), which establishes a 
duality between the valuations of ujI and those of /*. 

Theorem 3.4 For any proper ideal I we have: 

1. iR{r*/ii) < ""-^ ■ ^'l^*)- 

h<ni, heV 

2. iR{r/R) < Ir{R/i**) + E - !)• 

Proof The proof is substantially the same as in "TEl, Proposition 4.2; some 
changes are due to the fact that now we don't assume that / is a reflexive ideal 
containing 7. 

(1) The first inequality is true bv 13.31 since r^ > 1 for each h. 

For the last one let h be an integer, I < h < nj. If Xh-i £ /** is such 
that v{xh-i) = Sh-i < ci, then by definition 

rh = lR[ujRh^i/ujRh) = lR{xh^iuj+ujRh/ujRh) = #{v{xh-iuj+ujRh)\v{ujRh)}- 

Since v{xh-i(^) C v{ujI**) ~ v(ujI), by virtue of l2.1l f5^ the assigncmcnt 
y — > c — 1 — y defines an injective map 

y {v{xh-iuj + LoRh) \ v{ujRh)} — > 2>c-c, \ v{r). 

The conclusion X^/iev^ <Ir{R "fi 1 1*) follows, because the sets 

{v{xh-iijJ + i^Rh) \ f (wi?/i)}, h e V<„^, are disjoint by construction and 
because 2>c-cj — v{R : 7/). 



(2) The last inequality in (1) combined with 12.51 (3) gives: 
Ir{I*/R) < J2lLi Th - 'Ehev' = T.hiv' = 

^lR{R/I**) + Y.hiv'{rh^l)- 
The thesis is now immediate since — 1 for aX\ h > n. o 

Corollary 3.5 For any proper ideal I we have: 

iRiioI/I) > ^ (r„ - 1) 

Proof . By 13. II (4) and part (2) of the theorem, we obtain 
a{I) < a{r*) < ^ (r, - 1). 

Using laTll (3), we conclude that: 

n 

Ir{u;I/I) = 25 -c- a{I) > J^i^h - 1) - (r^ - 1), 

h=l hs^V 

which is the thesis, o 

The last inequality in Theorem 13.41 (1) leads to introduce the following non- 
negative invariant. 

Definition 3.6 For any proper ideal I we define 
d{I):=lR{R:^i/r)- ''h- 

h<ni, heV 

It is clear that: 

1. d{I) = d(ul) for every unit u £ R; 

2. d{I) > 0, byEl 

3. Ir{R : 7//r) - rlRiI**/ji) < < Ir{R : 7///*) - lRir*/-fi) 
and the minimal value is achieved in a ring of maximal length. 

Corollary 3.7 Let I be a proper ideal. Then 

1- ir{i/ii) < ir{r ■■ II in- 

2. Equality holds in (1) ■4=> / is reflexive, d(I)=0, rh = l \f h E V^<„j • 
Proposition 3.8 For any proper ideal I we have: 

1. d{I) = iRiujI/I**) 1). 

2. d{r*) = d{I). 

3. IJICOd, then d{I) =lR{ujI/r*). 



4. If LjCI then d{I) = 0. 

5. Let io e IN 6e the integer such that e(/) = Si„. Then 

6. If I is integrally closed, then d{I) = 0. 

7. If R is almost Gorenstein, then d{I) — 0. 
Proof . 

(1) By (2) ofO Ir{R : ji/I*) = Ir{loI/ji). Thus: 

d{I)^lR{ujI/^i)- E rh^lR{u;I/r*)-{ E ^h~lB.{I**/li)) = 
hev' hev' 

iRicoi/in- 

heV 

(2) It is a consequence of item (1), in view of the fact that ujI = col** bv l2.4l 
and = by definition. 

(3) It follows from (1) in view ofEl(4). 

(4) The inclusion uj C I : I implies that ujI = I**, hence the thesis by (3). 

(5) After writing Ir{R : -fi/I*) = Ir{R : ji/Rl) - lR{r/Rl), the thesis is 
clear since 

Ir{R:jj/RI)^ J2 r,,- 

io<h<nj 

(6) It follows from the above item, because / = Rig. 

(7) We prove that ul = I**. As observed in 12.41 the inclusion /** C ul 
always holds. Now ojI{R : I) C u>m = m. Thus uil C /**. The thesis 
comes from (1) combined with the fact that d{I) > 0. o 

The next theorem extends to any birational overring S of R the formulas 
proved in ^5] in the case of the blowing-up A of i? along a proper ideal. We 
remark also that ioi S = R the first inequality Ir{S/R) < r Ir{R/R : S) 
becomes the well-known relation 5 < r{c — 5). 

Theorem 3.9 Let S be an R-overring, R C S C R and let I := R : S be 

its conductor ideal. Let io G IN denote the integer such that e{I) = Si^. Then: 

Ir{S/R) = E - hiS**/S) - d{I) < r Ir{R/I) 
Ir{S/R} - E ^'^ - Ir{S**/S) + lRiS**/Rl) 

h<.iQ 



Proof . Since the hypothesis R C S C R ensures that 7/ = 7, the proof of 
Theorem 4.4 of |15j works in the general case and we may omit the proof, o 

From Theorem 13.41 we deduce now the following two formulas which connect 
the invariants a{I), b{I) with the type-sequence. 

Theorem 3.10 For any proper ideal I of R we have: 

1- aU) = Ektv i^h - 1) - iBir*/i) - d{i). 

2- b{I) - j:ktv' - + rln{r*/I) + d{I). 
Proof . 

(1) ByEHl (3): 

a{I)+d{I) + lRir*/I) = 

= lR{r/R)-lR{R/I) + lB.{R : li/n-EheV rh + lB.{I** / 1) = 

= E:Urk-Ef.evi TH-iRiR/r*)^ 

= Y^h^vi^'h - !)■ 

(2) It follows from (1), since a{I) + b{I) = (r - 1)Ir{R/I). 
We get immediately interesting lower and upper bounds. 

Corollary 3.11 The following inequalities hold: 

1. a{I) <ir-l)lR{R/iI** +0d))- Ir{I**/I)- 
a{I)>r-l- lR{r*/I)-d{I). 

2. b{I) <{r- 1){Ir{R/I) - 1) + Ir{I**/I) + d{I). 
b{I) >{r- l)lR{{r* + en)/!) + Ir{I**/I)- 

Proof . First recall the positivity of d{I) and some properties of type sequences: 
(j) fh^T for every ft, = 1, n; 

{ii) rh = 1 for every h > n and for every h such that Sh-i 6 v{0d)- 
Then derive assertions of part (1) from the first formula of the theorem. 
Since a{I) + b{I) = (r - 1)Ir{R/I), (2) follows easily from (1). o 

The first statement in item (1) of the corollary improves the inequality 
ail) < (r - 1)Ir{R/I) obtained by Jager in KoroUar 3, (2). 

The two statements in item (2) generalize to any ideal / the upper bound 
^(7) < (r - l)[lR{R/-f) - 1] and the lower bound 6(7) > lR{eD/l){r - 1), 
already known for the conductor ideal (see, respectively, W., Proposition 2.1 
and [ni. Theorem 3.7). 

The second statement in item (1) provides a sufficient condition for the 
positivity of a(J). Using and ITSl we have immediately that 

Corollary 3.12 // / satisfies the condition uj C I : I , then a{I) > r — 1 > 0. 



Another direct consequence of l3.10l is the following. 
Corollary 3.13 

1- b{I) > r lR{r*/I) > 0. 

2. (Vanishing condition for b{I)). 

bil) =0 ^ I = r*, rh=r \^h^V' and ^ r,, ^ Ir{R : ji/r).o 

heV, h<n, 

Finally we obtain a characterization of the almost Gorenstein property in 
terms of the invariant a{I) (see next 1 <;=^ 5), which is just the analogue of a 
theorem stated by E. Matlis for Gorenstein rings (see 11 , Theorem 13.1). 

Theorem 3.14 Here "ideal" means " fractional ideal". The following facts 
are equivalent: 

1. R is almost Gorenstein. 

2. ljI — I** for every non-principal ideal I. 

3. Ir,{I / J) = Ir{J* / 1*) for every reflexive ideals I. J, J C /. 
4-. Ir{I/ji) = ^_r(-R : Ji/I*) for every reflexive ideal I. 

5. a{I) = (r — 1) — Ir{I** / 1) for every non-principal ideal ICR. 

6. r - 1 = 2(5 - c. 

7. muj — m. 
Proof . 

(1) =^ (2) As observed in 12.41 the inclusion /** C tul always holds. Now 
ujI{R: I) Cujm = m. Thus uICI**. 

(2) ^(3) By 2.1: Ir{J* / 1*) = Ir{ujI /ujj) = Ir{I / J). 

(3) =^ (4) Take J = 7/. 

(4) =^ (6) Take / = m. 

(1) (5) This implication follows from l3.ini because in the almost Goren- 
stein case rh — 1 for all h 1 and d{I) — by 13. 81 (7). 

(5) => (6) Take / 7. 

(6) <S=4> (7) ■^=>- (1) These equivalences are well-known. 



4 The special case of 7. 

The description of the invariant b :— 6(7) in terms of type sequence given in 
Theorem IXTUl 

h=l 

allows us to complete the classification of all analitically irreducible local rings 
having b < r. Some of the results contained in this section are already present 
in the literature (see [Hj, [7], [S]). 

From now on we shall denote by x S tn an element such that v{x) = e, in 
other words xR is a minimal reduction of m. 

Lemma 4.1 

Let z mm{y £ v{R) \ y > c — e] and let B :— {h ^ [1, n] \ z < Sh < c}. 
1. #B = /fl(7 -.R m/7) = IniRh + xR)>e~r>l. 

Proof First of all we observe that, called := min{B), we have by definition 
z = Sig-i and B = [io,n\. 

(1) Obviously we have that 

u(7 ifl m) \ ^(7) = {si e v{R) I c - e < Si < c}. 

Clearly this set is in 1-1 correspondence with the set 
{i I z < Sj < c} = [io - l,n - 1], 

so the first assertion of (1) is proved. 

It is easy to check that x{j -.r m) = xR. D 7. 

Hence ln(^xR/x{j -.r m)) — Ir{xR/xRC\^) = IrXi + ^R/i) and to prove 
the second equality it suffices to consider the following inclusions 

7 :_R tn C R 

U| U| 
7 ^ 7 + xR 

Finally, since (7 + xR)m C xR, we obtain (7 + xm) C xR : m, hence 

Ir.{'^ + xR/ xR) < r and 

liiiR/l + xR) = Ir{R/xR) - Ir{-/ + xR/xR) >e~r. 

(2) Since c~l4 v(uj) bv (4) oflO t;(wi?,„_i)<c C [c - e, c - 2]. Thus: 
J2heB = lRiujR,„-i/-/) < e - 1. o 

Theorem 4.2 Let A {1, n} \ B. The following inequalities hold: 

1. b + e-l>b + rn - E/.ga(^ ^ ^^) + rlR{Rh + xR). 

2. b>{r-l){e-r-l) + Y.heAir~rh). 



Proof . 

(1) We use the description of b in terms of type sequence given in l3.1UI 
^ = ELi(^ - Hi) = J2heAir - nO + J^hesir - rh) = 

(2) Since l]i{R/j + xR) > e — r, by substituting in item (1) we get 
b > '^ii^j^ir — rh) + r(e — r) — (e — 1), which is our thesis, o 

Notation 4.3 We denote by 

- p the integer such that c — e < pe < c (p > 1), 

and by g the number of gaps of v{R) in the interval (pe, c) : 

- g = #JN>pe\viR), (l<.9<e-l). 

Formula 1 of Theorem 14. 21 involves the length Ir{R/^ + xR). For the proof 
of Theorem 14.71 we need next two lemmas, which describe in detail the cases 
Ir{R/i + xR) = 1,2. 

Lemma 4.4 The following facts are equivalent: 

1. Ir{R/-/ + xR) = I. 

2. = {0,e,..,pe,c^}. 

3. [e- l,....,e- l,r„]. 

// R satisfies these equivalent conditions, then R is a quasi-homogeneous sin- 
gularity with 

5 = c — p — 1, b — e{p +1) — c<r — 1, r = e — 1, r„ = e — 1 — &. 

Proof . (1) (2) is immediate, and also the fact that i? is a quasi 
homogeneous singularity, with r = e — 1 by (1) of 14.11 To prove (2) (3), 
note that 

n-l 

^ rh = Ir{R : Rn-i/R) = Ir{x-pR n R/R) ^ ep - p ^ r{n ~ \) 

h=l 

Hence r/j = r for each h g [l,n — 1]. Since b = X]h=i(^ ~ ^'i) 

rn = r — b. Therefore, b < r and ts{R) — [e — l,....,e — l,e— 1 — 6]. 

(3) => (2) follows, since for each ft, G [l,n — 1] the hypothesis rh — e — 1 

implies that Sh = he (see Proposition 4.9). 

Lemma 4.5 Assume that Ir{R/j + xR) = 2. Then e — 2<r<e~l and 
there are two possibilities for v{R) : 

(A) v{R) = {0,e,2e, ...,ke,y, (fc+l)e,2/ + e, (p- l)e, y+(p-fc- l)e,pe, c, -^} 
with p>k>l, c<(p+l)e, y+{p—k)e>c, c — S^2p+l — k. 



(B) v{R) = {0, e,2e, fce,y, l)e,y + e, ....,pe,y+ (p - k)e,c, 

with p > k > 1, c < (p+ l)e, y + {p~ k)e < c, c — S = 2p + 2 — k. 
In both cases we have: 

6 ^ p{e- 1) - {p- k) + g = p{e-2) + k + g, 
b + g — r{c — (5) — p{e — 2) — fc and 1 < g < e — 2. 
Moreover: 



1. If r = e — 1, then b > r + 1 and 

2. If r^e-2, then p > 2k ~ 1 
and 



case (A) b + g = {p — k + l)e — 1 
case (B) b + g = {p - k + 2)e - 2 



case {A) b + g={p-k + l)(e - 2) - fc > A:(e - 3) 
case [b) b + g^{p-k + 2)(e - 2) - fc > fc(e - 3). 



Proof . The fact that e — 2<r<e — 1 foUows immediately from I4.ll fl'l. 

(1) In case (A) 

h + g={e- l){2p+ 1 - fc) -p(e - 2) - fc = (p - fc + l)e - 1. 
Then the inequality g < e — 2 leads to b>r-\-2. 
In case (B) 

b + g = {e- l){2p + 2 - fc) - p(e - 2) - fc = (p - fc + 2)e - 2 
and the same inequality leads to b > r + 1. 

(2) It suffices to prove that 2y < c + e; in fact from this we can deduce that 

2fce <2y < c + e < {p + 2)e, hence p > 2k - 2. 

If 2y > c + e, then by considering the structure of v{R) we can easily 
see that C t'^m. Thus, m = t'^{R : m) C _R C i? : m, contradicting 
the assumption r ~ e — 2. o 

Corollary 4.6 Assume that b < q{r — 1), q > 1, then 

e-r < Ir{R/'^ + xR) < q. 

In particular 

1. <6<r-l=^r = e-l and Ir{R/-i + xR) ^ I. 

2. r-l<h<2r-2=^e-2<r<e-\ and IpiRh + xR) = 2. 



Proof . Item (2) of 14. 21 implies that (r — l)(e — r — 1 — g) < 0, so e — 1 — g < r 
and item (1) gives rl^XR/j + xR) < e — 1 + q{r — 1) < r{q + 1); hence the 
thesis using also 14. II fl). 

(a) is the case g = 1, (b) is the case q = 2, with the further assumtion b > r — 1. 
It suffices to recall that byE31 Ir{R/^ + xR) = 1 ^ b <r - 1. 

From these technical observations and Theorem l4.2l we deduce the statements 
of the next theorem, which are partially already known (see jTj, 0)- 
Nevertheless, they give a complete classification of all analitically irreducible 
local rings having b < r. 

We shall consider separately the cases: 1) 5 < r — 1; 2) 6 = r — 1; 3) b — r. 

Theorem 4.7 Suppose R not Gorenstein. 

1. The following facts are equivalent: 

(a) b < r - \ 

(b) v{R) ^ {Q,e, ..,pe,c ^} with pe + 2 < c < (p + l)e 

(c) ts{R) = [e - 1, e - 1, e - 1, r„], r„ > 1. 
// these conditions hold, then 

Ir{R/j + xR) = 1, c={p+l)e-b, r = e-1, r„ = e-1-6. 



case) The following facts are equivalent: 

(a) b = r- l = e- 2 

(b) v{R) = {0,e, ..,pe,c ^} with c^pe + 2 

(c) ts{R) ^ [e - l,e- l,...,e- 1,1]. 

If these conditions hold, then Ir{R/^ + xR) — 1. 
2"'' case ) The following facts are equivalent: 

(d) b = r-l = e-3 

(e) either v{R) ^ {0, e, 2e - 1, 2e, 3e - 1 ->} 

or v{R) = {Q,e,y,2e ^} with e < y < e + 

(f) either ts{R) — [e — 2, e — 2, r^, r4] with r^ r^ — e — 1 
or ts{R) — [e ~ 2,r2,r^] with r2+r^^e — l. 

If these conditions hold, then Ir{R/^ + xR) — 2. 




r = e - 2 



r = e 



or 



1 




[ (j) r = 2, e = 5, lR{Rh + xR) = i. 
In case (g), v{R) is one of the following sets 



{0,4,8,9,12,13,16^}; 
{0,4,8,11,12,15,16,19-^}; 
{0,e,2e-2,2e,3e-2 ^}, with e > 4; 

e — 2 

{0, e, e + z, 2e - 1 -^}, with 0<z< — - — , e > 4. 

In case (j), v{R) is one of the following sets (see Rem. 2.7) 

{0,5,6,7,10^}; 
{0,5,6,8,10^}; 
{0,5,8,9,10,13-*} 

Proof 

(1) (a) =^ (b). If 6 < r - 1, then byOl2, Ir{R/j + xR) = 1. 

By Lemma l4.4l viR') = 10.6.26 ve.c.^ I with (p + l)e > c. Then 

h = {p + 1)6 — 6 < 6 — 2 implies that p6 + 2 < c. 

(6) =^ (c). The hypothesis p6+ 2 < c gives b < r— 1. Thenr„ = r—b > 1. 
(c) (a). We have = r — r„, hence the thesis. 

(2) By substituting 6 = r - 1 in Formula 2 of l4.2l we get (r - 1) (6 - r - 2) < 0. 
Two cases are possible: r = 6 — 1 or r = 6 — 2 and ~ ^'0 = 0- 

First case. 

(a) => (6). As in (1) one gets Ir{R/-/ + xR) = 1. Then v{R) = 
{0, 6, ..,p6, c — >} and 6 = (p + l)e — c = e — 2, hence 6 = p6 + 2. 

(&) =4> (c). See Lemma lOI 

(c) (a). In fact, b = r — rn = r — 1. 
Second case. 

(d) =^ (e). If 6 = r - 1 and r = 6 - 2, then by (2) of El we have 
S;ieA('' ~ ~ and from item (1) of l4.2l we obtain Ir{R/^ + xR) = 2. 
It follows that t.s{R) = [e — 2, 6 — 2, r„_i, r„]. 

We have to consider the two cases of Lemma 

In case (A) with 6 = 6 — 3, from the inequality g > fc(e — 3) — 5 we get 

e-2>5>(fc- l)(6-3) 
Three possibilities occur: 

1) k — 1. Then p = 2, g = 6 — 2, c = 36 — 1, y = 26 — 1. In conclusion 

v{R) = {0, 6, 2e - 1, 26, 36 - 1 ^}. 

2) k^2. Then p = 3, 5 = e - 3, c = 4e - 2, ?/ = 3e - 2, so 2y > c + e, 
absurd (see (2) in the proof of l4.5|l . 

3) e = 4, k — 3. Then p = 5, g = 2, c = 23, y = 15, as above 
impossible since 2y > c + e. 

In case (B) with 6 = e — 3, since g > k{e — 3) + e — 2 — 6, we obtain 

6 - 2 > .9 > fc(e - 3) + 1 



The only possibility is k — 1. Then we get p=l, g = e — 2 and 
v{R) = {0, e, y, 2e ^} with e<?/<e + (e- l)/2. 

(e) =^ (/). Let i?o be the monomial ring such that v{Rq) = v{R) = 
{0,e,2e-l,2e,3e-l Then r(i?) < r(i?o) = e - 2. Since h.iR/l + 
xR) = 2, we have by item (2) ofES r{R) > e - 2. Then r{R) = e - 2. 
We easily compute & = (c — (5)r — (5 = e — 3. Substituting in item (2) of 
14 .21 we obtain ^ ^h) — 0, hence r2 = e — 2 and r^+r^i = e — 1. 

The same reasoning holds for v{R) ~ {0, e, ?/, 2e ^}. 

(/) => (d). It suffices to recall that h — Yl^l^ii^ ^ ^h)- 

(3) Assume h = r. From item (2) oflOit follows that (r - l)(e - r - 2) < 1, 
then using also l4.2l fT) we argue that either r — 2 and e < 5, or 

Ir{R/i + xR) ^2 and r > e - 2. 

Since the cases r = 2, e = 3 and Ir{R/j + xR) = 2, r = e ~ 1 are 
impossible by Lemma 14.51 the first assertion is proved. 

Case (g): lR{R/-f + xR) ^ 2 and 6 = r = e - 2. 
We proceed analogously to the proof of (2). 
In case (A) we have 

e-2>g = {p- k){e - 2) - k > (k - l)(e - 3) - 1 
This gives the following possibilities: 

1) fc = 1. Then p = 2 g = e - 3, c = 3e - 2, y 2e - 2. Hence 

= {0,e,2e-2,2e,3e-2^}, e > 4. 

2) k = 2. 

i) fc = 2, p = 4 = e. Then g ^ 2, c-S = 7, 6=12, c = 19, y = 11, 

v{R) = {0, 4, 8, 11, 12, 15, 16, 19 ->} 

ii) fc = 2, p = 3. Then 5 = e-4, c = 4e-3, y > 3e-3 =^ 2y > c + e 

impossible. 

3) fc = 3. 

i) = 3, e = 5. Then p = 5, 5 = 3, c = 29, y = 19 2t/ > c + e 
impossible. 

ii) fc = 3, e = 4. Then p = 5, g = 1, c = 22, y = 14 =^ 2y > c + e, 
impossible. 

4) fc = 4, e = 4. Then p = 7, g = 2, c = 31, y = 19 ^ 2y > c + e 

impossible. 

In case (B) we have 

e-2>g = {p-k + l)(e - 2) - fc > fc(e - 3) 
and the following possibilities: 

1) fc = 1. Then p = 1, g = e — 3, c = 2e — 1. Hence 

e — 2 

= {0,e,e + z,2e- 1 ^} with < z < — e>4 

2) fc = 2, e = 4. Then p==3, 5 = 2, = {0, 4, 8, 11, 12, 15, 16 
Case (j) is treated in o 
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